
UNIT-2
Overview
Dynamicprogrammingistypicallyappliedtooptimizationproblems.Insuchproblems
therecanbemanypossiblesolutions.Eachsolutionhasavalue,andwewishtofinda
solutionwiththeoptimal(minimum ormaximum)value.Wecallsuchasolutionan
optimalsolutiontotheproblem,asopposedtotheoptimalsolution,sincetheremaybe
severalsolutionsthatachievetheoptimalvalue.
Thedevelopmentofadynamic-programmingalgorithm canbebrokenintoasequence
offoursteps.
1.Characterizethestructureofanoptimalsolution.

2.Recursivelydefinethevalueofanoptimalsolution.
3.Computethevalueofanoptimalsolutioninabottom-upfashion.

4.Constructanoptimalsolutionfrom computedinformation.

Steps1–3form thebasisofadynamic-programmingsolutiontoaproblem.Step4can
beomittedifonlythevalueofanoptimalsolutionisrequired.Whenwedoperform step
4,wesometimesmaintainadditionalinformationduringthecomputationinstep3to
easetheconstructionofanoptimalsolution.
Matrix-chainmultiplication
Ournextexampleofdynamicprogrammingisanalgorithm thatsolvestheproblem of
matrixchain
multiplication.Wearegivenasequence(chain)_A1,A2,...,An_ofnmatricestobe
multiplied,andwewishtocomputetheproduct
(15.10)
Wecanevaluatetheexpressionusingthestandardalgorithm formultiplyingpairsof
matricesasasubroutineoncewehaveparenthesizedittoresolveallambiguitiesin
howthematricesaremultipliedtogether.Aproductofmatricesisfullyparenthesizedif
itiseitherasinglematrixortheproductoftwofullyparenthesizedmatrixproducts,
surrounded by parentheses. Matrix multiplication is associative, and so all
parenthesizationsyieldthesameproduct.Forexample,ifthechainofmatricesis_A1,
A2,A3,A4_,theproductA1A2A3A4canbefullyparenthesizedinfivedistinctways:
(A1(A2(A3A4))),
(A1((A2A3)A4)),
((A1A2)(A3A4)),
((A1(A2A3))A4),
(((A1A2)A3)A4).
Thewayweparenthesizeachainofmatricescanhaveadramaticimpactonthecostof
evaluatingtheproduct.Considerfirstthecostofmultiplyingtwomatrices.Thestandard
algorithm isgivenbythefollowingpseudocode.Theattributesrowsandcolumnsare
thenumbersofrowsandcolumnsinamatrix.
MATRIX-MULTIPLY(A,B)
1ifcolumns[A]≠rows[B]
2thenerror"incompatibledimensions"
3elsefori←1torows[A]
4doforj←1tocolumns[B]
5doC[i,j]←0



6fork←1tocolumns[A]
7doC[i,j]←C[i,j]+A[i,k]·B[k,j]
8returnC
WecanmultiplytwomatricesA andBonlyiftheyarecompatible:thenumberof
columnsofAmustequalthenumberofrowsofB.IfAisap×qmatrixandBisaq×r
matrix,theresultingmatrixCisap×rmatrix.ThetimetocomputeCisdominatedby
thenumberofscalarmultiplicationsinline7,whichispqr.Inwhatfollows,weshall
expresscostsintermsofthenumberofscalarmultiplications.
Toillustratethedifferentcostsincurredbydifferentparenthesizationsofamatrix
product,considertheproblem ofachain_A1,A2,A3_ofthreematrices.Supposethat
thedimensionsofthematricesare10×100,100×5,and5×50,respectively.Ifwe
multiplyaccordingtotheparenthesization((A1A2)A3),weperform 10·100·5=5000
scalarmultiplicationstocomputethe10×5matrixproductA1A2,plusanother10·5
·50=2500scalarmultiplicationstomultiplythismatrixbyA3,foratotalof7500scalar

multiplications.Ifinsteadwemultiplyaccordingtotheparenthesization(A1(A2A3)),
weperform 100·5·50=25,000scalarmultiplicationstocomputethe100×50matrix
productA2A3,plusanother10·100·50=50,000scalarmultiplicationstomultiplyA1
bythismatrix,foratotalof75,000scalarmultiplications.Thus,computingtheproduct
accordingtothefirstparenthesizationis10timesfaster.
Thematrix-chainmultiplicationproblem canbestatedasfollows:givenachain_A1,A2,
...,An_ofnmatrices,wherefori=1,2,...,n,matrixAihasdimensionpi-1×pi,fully

parenthesizetheproductA1A2Aninawaythatminimizesthenumberofscalar
multiplications.
Notethatinthematrix-chainmultiplicationproblem,wearenotactuallymultiplying
matrices.Ourgoalisonlytodetermineanorderformultiplyingmatricesthathasthe
lowestcost.Typically,thetimeinvestedindeterminingthisoptimalorderismorethan
paidforbythetimesavedlateronwhenactuallyperformingthematrixmultiplications
(suchasperformingonly7500scalarmultiplicationsinsteadof75,000).
Countingthenumberofparenthesizations
Beforesolvingthematrix-chainmultiplicationproblem bydynamicprogramming,letus
convinceourselvesthatexhaustivelycheckingallpossibleparenthesizationsdoesnot
yieldanefficientalgorithm.Denotethenumberofalternativeparenthesizationsofa
sequenceofnmatricesbyP(n).Whenn=1,thereisjustonematrixandthereforeonly
onewaytofullyparenthesizethematrixproduct.Whenn≥2,afullyparenthesized
matrixproductistheproductoftwofullyparenthesizedmatrixsubproducts,andthe
splitbetweenthetwosubproductsmayoccurbetweenthekthand(k+1)stmatrices
foranyk=1,2,...,n-1.Thus,weobtaintherecurrence
Step1:Thestructureofanoptimalparenthesization
Ourfirststepinthedynamic-programmingparadigm istofindtheoptimalsubstructure
andthenuseittoconstructanoptimalsolutiontotheproblem from optimalsolutions
tosubproblems.Forthematrix-chainmultiplicationproblem,wecanperform thisstep
asfollows.Forconvenience,letusadoptthenotationAi_j,wherei≤j,forthematrixthat
resultsfrom evaluatingtheproductAiAi+1Aj.Observethatiftheproblem isnontrivial,
i.e.,i<j,thenanyparenthesizationoftheproductAiAi+1Ajmustsplittheproduct
betweenAkandAk+1forsomeintegerkintherangei≤k<j.Thatis,forsomevalueofk,
wefirstcomputethematricesAi_kandAk+1_jandthenmultiplythem togetherto



producethefinalproductAi_j.Thecostofthisparenthesizationisthusthecostof
computing the matrixAi_k,plus the costofcomputing Ak+1_j,plus the costof
multiplyingthem together.Theoptimalsubstructureofthisproblem isasfollows.
SupposethatanoptimalparenthesizationofAiAi+1AjsplitstheproductbetweenAk
andAk+1.Thentheparenthesizationofthe"prefix"subchainAiAi+1Akwithinthis
optimalparenthesizationofAiAi+1AjmustbeanoptimalparenthesizationofAiAi+1
Ak.Why?IftherewerealesscostlywaytoparenthesizeAiAi+1Ak,substitutingthat
parenthesizationintheoptimalparenthesizationofAiAi+1Ajwouldproduceanother
parenthesizationofAiAi+1Ajwhosecostwaslowerthantheoptimum:acontradiction.
AsimilarobservationholdsfortheparenthesizationofthesubchainAk+1Ak+2Ajinthe
optimalparenthesizationofAiAi+1Aj:itmustbeanoptimalparenthesizationofAk+1
Ak+2Aj.
Now weuseouroptimalsubstructureto show thatwecanconstructanoptimal
solutiontotheproblem from optimalsolutionstosubproblems.Wehaveseenthatany
solutiontoanontrivialinstanceofthematrix-chainmultiplicationproblem requiresus
tosplittheproduct,andthatanyoptimalsolutioncontainswithinitoptimalsolutionsto
subproblem instances.
Thus,wecanbuildanoptimalsolutiontoaninstanceofthematrix-chainmultiplication
problem bysplittingtheproblem intotwosubproblems(optimallyparenthesizingAi
Ai+1AkandAk+1Ak+2Aj),findingoptimalsolutionstosubproblem instances,andthen
combiningtheseoptimalsubproblem solutions.Wemustensurethatwhenwesearch
forthecorrectplacetosplittheproduct,wehaveconsideredallpossibleplacessothat
wearesureofhavingexaminedtheoptimalone.
Step2:Arecursivesolution
Next,wedefinethecostofanoptimalsolutionrecursivelyintermsoftheoptimal
solutionstosubproblems.Forthematrix-chainmultiplicationproblem,wepickasour
subproblemstheproblemsofdeterminingtheminimum costofaparenthesizationof
AiAi+1Ajfor1≤i≤j≤n.
Letm[i,j]betheminimum numberofscalarmultiplicationsneededtocomputethe
matrixAi_j;forthefullproblem,thecostofacheapestwaytocomputeA1_nwouldthus
bem[1,n].
Wecandefinem[i,j]recursivelyasfollows.Ifi=j,theproblem istrivial;thechain
consistsofjustonematrixAi_i=Ai,sothatnoscalarmultiplicationsarenecessaryto
computetheproduct.Thus,m[i,i]=0fori=1,2,...,n.Tocomputem[i,j]wheni<j,we
takeadvantageofthestructureofanoptimalsolutionfrom step1.Letusassumethat
theoptimalparenthesizationsplitstheproductAiAi+1AjbetweenAkandAk+1,wherei
≤k<j.Then,m[i,j]isequaltotheminimum costforcomputingthesubproductsAi_k
andAk+1_j,plusthecostofmultiplyingthesetwomatricestogether.Recallingthateach
matrixAiispi-1×pi,weseethatcomputingthematrixproductAi_kAk+1_jtakespi-1pk
pjscalarmultiplications.Thus,weobtainm[i,j]=m[i,k]+m[k+1,j]+pi-1pkpj.
Step3:Computingtheoptimalcosts
Atthispoint,itisasimplemattertowritearecursivealgorithm basedonrecurrenceto
computetheminimum costm[1,n]formultiplyingA1A2An.Aswesee,however,this
algorithm takesexponentialtime,whichisnobetterthanthebrute-forcemethodof
checkingeachwayofparenthesizingtheproduct.
MATRIX-CHAIN-ORDER(p)



1n←length[p]-1
2fori←1ton
3dom[i,i]←0
4forl←2ton▹listhechainlength.
5dofori←1ton-l+1
6doj←i+l-1
7m[i,j]←∞
8fork←itoj-1
9doq←m[i,k]+m[k+1,j]+pi-1pkpj
10ifq<m[i,j]
11thenm[i,j]←q
12s[i,j]←k
13returnm ands

Figure:Them andstablescomputedbyMATRIX-CHAIN-ORDERforn=6andthe
followingmatrixdimensions:
matrixdimension
A130×35
A235×15
A315×5
A45×10
A510×20
A620×25
Thetablesarerotatedsothatthemaindiagonalrunshorizontally.Onlythemain
diagonalanduppertriangleareusedinthem table,andonlytheuppertriangleisused
inthestable.Theminimum numberofscalarmultiplicationstomultiplythe6matrices
ism[1,6]=15,125.Ofthedarkerentries,thepairsthathavethesameshadingaretaken
togetherinline9whencomputing
A simpleinspectionofthenestedloopstructureofMATRIX-CHAIN-ORDERyieldsa
runningtimeofO(n3)forthealgorithm.Theloopsarenestedthreedeep,andeachloop
index(l,i,andk)takesonatmostn-1values.Exampleasksyoutoshow thatthe
runningtimeofthisalgorithm isinfactalsoΩ(n3).Thealgorithm requiresΘ(n2)space
tostorethem andstables.Thus,MATRIX-CHAIN-ORDERismuchmoreefficientthan
the exponentialtime method ofenumerating allpossible parenthesizations and



checkingeachone.
Step4:Constructinganoptimalsolution
Although MATRIX-CHAIN-ORDER determines the optimal number of scalar
multiplicationsneededtocomputeamatrix-chainproduct,itdoesnotdirectlyshow
howtomultiplythematrices.Itisnotdifficulttoconstructanoptimalsolutionfrom the
computedinformationstoredinthetables[1_n,1_n].Eachentrys[i,j]recordsthe
valueofksuchthattheoptimalparenthesizationofAiAi+1···Ajsplitstheproduct
betweenAkandAk+1.Thus,weknow thatthefinalmatrixmultiplicationincomputing
A1_noptimallyisA1_s[1,n]As[1,n]+1_n.
The earliermatrixmultiplications can be computed recursively,since s[1,s[1,n]]
determines
thelastmatrixmultiplicationincomputingA1_s[1,n],ands[s[1,n]+1,n]determinesthe
last
matrixmultiplicationincomputingAs[1,n]+1_n.Thefollowingrecursiveprocedureprints
an optimalparenthesization of_Ai,Ai+1,...,Aj_,given the s table computed by
MATRIXCHAIN-
ORDERandtheindicesiandj.TheinitialcallPRINT-OPTIMAL-PARENS(s,1,n)
printsanoptimalparenthesizationof_A1,A2,...,An_.
PRINT-OPTIMAL-PARENS(s,i,j)
1ifi=j
2thenprint"A"i
3elseprint"("
4PRINT-OPTIMAL-PARENS(s,i,s[i,j])
5PRINT-OPTIMAL-PARENS(s,s[i,j]+1,j)
6print")"
IntheexampleofFigure,thecallPRINT-OPTIMAL-PARENS(s,1,6)printsthe
parenthesization((A1(A2A3))((A4A5)A6)).
Elementsofdynamicprogramming

Althoughwehavejustworkedthroughtwoexamplesofthedynamic-programming
method,you mightstillbe wondering justwhen the method applies.From an
engineeringperspective,whenshouldwelookforadynamic-programmingsolutiontoa
problem?Inthissection,weexaminethetwokeyingredientsthatanoptimization
problem musthave in orderfordynamic programming to be applicable:optimal
substructureandoverlappingsubproblems.Wealsolookatavariantmethod,called
memoization,[1]fortakingadvantageoftheoverlappingsubproblemsproperty.
Optimalsubstructure
Thefirststep in solving an optimization problem bydynamicprogramming isto
characterizethestructureofanoptimalsolution.Recallthataproblem exhibitsoptimal
substructureifanoptimalsolutiontotheproblem containswithinitoptimalsolutions
tosubproblems.
Wheneveraproblem exhibitsoptimalsubstructure,itisagoodcluethatdynamic
programming mightapply.(Italso mightmean thata greedy strategy applies,
however.Indynamicprogramming,webuildanoptimalsolutiontotheproblem from
optimalsolutionstosubproblems.Consequently,wemusttakecaretoensurethatthe
rangeofsubproblemsweconsiderincludesthoseusedinanoptimalsolution.
Youwillfindyourselffollowingacommonpatternindiscoveringoptimalsubstructure:



1.Youshow thatasolutiontotheproblem consistsofmakingachoice,suchas
choosingaprecedingassembly-linestationorchoosinganindexatwhichtosplitthe
matrixchain.Makingthischoiceleavesoneormoresubproblemstobesolved.
2.Yousupposethatforagivenproblem,youaregiventhechoicethatleadstoan
optimalsolution.Youdonotconcernyourselfyetwithhow todeterminethischoice.
Youjustassumethatithasbeengiventoyou.
3.Given this choice,you determine which subproblems ensue and how to best
characterizetheresultingspaceofsubproblems.
4.Youshowthatthesolutionstothesubproblemsusedwithintheoptimalsolutionto
theproblem mustthemselvesbeoptimalbyusinga"cut-and-paste"technique.
Tocharacterizethespaceofsubproblems,agoodruleofthumbistotrytokeepthe
spaceassimpleaspossible,andthentoexpanditasnecessary.Forexample,the
spaceofsubproblemsthatweconsideredforassembly-lineschedulingwasthefastest
wayfrom entryintothefactorythroughstationsS1,jandS2,j.Thissubproblem space
workedwell,andtherewasnoneedtotryamoregeneralspaceofsubproblems.

LongestCommonSubsequence
Thelongestcommonsubsequenceproblem isfindingthelongestsequencewhich
existsinboththegivenstrings.
Subsequence
LetusconsiderasequenceS=<s1,s2,s3,s4,…,sn>.
AsequenceZ=<z1,z2,z3,z4,…,zm>overSiscalledasubsequenceofS,ifandonlyifit
canbederivedfrom Sdeletionofsomeelements.
CommonSubsequence
Suppose,XandYaretwosequencesoverafinitesetofelements.WecansaythatZis
acommonsubsequenceofXandY,ifZisasubsequenceofbothXandY.
LongestCommonSubsequence
Ifasetofsequencesaregiven,thelongestcommonsubsequenceproblem istofinda
commonsubsequenceofallthesequencesthatisofmaximallength.
Thelongestcommonsubsequenceproblem isaclassiccomputerscienceproblem,
thebasisofdatacomparisonprogramssuchasthediff-utility,andhasapplicationsin
bioinformatics.Itisalsowidelyusedbyrevisioncontrolsystems,suchasSVNandGit,
forreconcilingmultiplechangesmadetoarevision-controlledcollectionoffiles.
NaïveMethod
LetX beasequenceoflengthm andYasequenceoflengthn.Checkforevery
subsequenceofXwhetheritisasubsequenceofY,andreturnthelongestcommon
subsequencefound.
There are 2m subsequences ofX.Testing sequences whetherornotitis a
subsequenceofYtakesO(n)time.Thus,thenaïvealgorithm wouldtakeO(n2m)time.
DynamicProgramming
LetX=<x1,x2,x3,…,xm >andY=<y1,y2,y3,…,yn>bethesequences.Tocomputethe
lengthofanelementthefollowingalgorithm isused.
Inthisprocedure,tableC[m,n]iscomputedinrowmajororderandanothertableB[m,n]
iscomputedtoconstructoptimalsolution.

Algorithm:LCS-Length-Table-Formulation(X,Y)



m :=length(X)
n:=length(Y)
fori=1tom do

C[i,0]:=0
forj=1tondo

C[0,j]:=0
fori=1tom do

forj=1tondo
ifxi=yj

C[i,j]:=C[i-1,j-1]+1
B[i,j]:=‘D’

else
ifC[i-1,j]≥C[i,j-1]

C[i,j]:=C[i-1,j]+1
B[i,j]:=‘U’

else
C[i,j]:=C[i,j-1]
B[i,j]:=‘L’

returnCandB
Algorithm:Print-LCS(B,X,i,j)
ifi=0andj=0

return
ifB[i,j]=‘D’

Print-LCS(B,X,i-1,j-1)
Print(xi)

elseifB[i,j]=‘U’
Print-LCS(B,X,i-1,j)

else
Print-LCS(B,X,i,j-1)

Thisalgorithm willprintthelongestcommonsubsequenceofXandY.
Analysis
Topopulatethetable,theouterforloopiteratesm timesandtheinnerforloopiterates
ntimes.Hence,thecomplexityofthealgorithm isO(m,n),wherem andnarethe
lengthoftwostrings.
Example
Inthisexample,wehavetwostringsX=BACDBandY=BDCBtofindthelongest
commonsubsequence.
Followingthealgorithm LCS-Length-Table-Formulation(asstatedabove),wehave
calculatedtableC(shownonthelefthandside)andtableB(shownontherighthand
side).
IntableB,insteadof‘D’,‘L’and‘U’,weareusingthediagonalarrow,leftarrowandup
arrow,respectively.AftergeneratingtableB,theLCSisdeterminedbyfunctionLCS-
Print.TheresultisBCB.



A

GreedyAlgorithm isanyalgorithm thatfollowstheproblem-solvingheuristicof

makingthelocallyoptimalchoiceateachstagewiththeintentoffindingaglobal

optimum.Inmanyproblems,agreedystrategydoesnotusuallyproduceanoptimal

solution,butnonethelessagreedyheuristicmayyieldlocallyoptimalsolutionsthat

approximateagloballyoptimalsolutioninareasonableamountoftime.

Forexample,agreedystrategyforthetravellingsalesmanproblem (whichisofahigh
computationalcomplexity)isthefollowingheuristic:"Ateachstepofthejourney,visit
thenearestunvisitedcity."Thisheuristicdoesnotintendtofindabestsolution,butit
terminatesinareasonablenumberofsteps;findinganoptimalsolutiontosucha
complex problem typically requires unreasonably many steps.In mathematical
optimization,greedyalgorithmsoptimallysolvecombinatorialproblemshaving the
properties ofmatroids,and give constant-factorapproximations to optimization
problemswithsubmodularstructure.
Ingeneral,greedyalgorithmshavefivecomponents:

1.Acandidateset,from whichasolutioniscreated
2.Aselectionfunction,whichchoosesthebestcandidatetobeaddedtothesolution
3.Afeasibilityfunction,thatisusedtodetermineifacandidatecanbeusedtocontribute

toasolution
4.Anobjectivefunction,whichassignsavaluetoasolution,orapartialsolution,and
5.Asolutionfunction,whichwillindicatewhenwehavediscoveredacompletesolution

Greedyalgorithmsproducegoodsolutionsonsomemathematicalproblems,butnoton
others.Mostproblemsforwhichtheyworkwillhavetwoproperties:

Greedychoiceproperty
Wecanmakewhateverchoiceseemsbestatthemomentandthensolvethe
subproblemsthatariselater.Thechoicemadebyagreedyalgorithm may
dependonchoicesmadesofar,butnotonfuturechoicesorallthesolutionsto
thesubproblem.Ititerativelymakesonegreedychoiceafteranother,reducing
eachgivenproblem intoasmallerone.Inotherwords,agreedyalgorithm never
reconsidersitschoices.Thisisthemaindifferencefrom dynamicprogramming,
whichisexhaustiveandisguaranteedtofindthesolution.Aftereverystage,
dynamicprogrammingmakesdecisionsbasedonallthedecisionsmadeinthe



previousstage,andmayreconsiderthepreviousstage'salgorithmicpathto
solution.

Optimalsubstructure
"Aproblem exhibitsoptimalsubstructureifanoptimalsolutiontotheproblem
containsoptimalsolutionstothesub-problems."[2]

Casesoffailure
Examplesonhowagreedyalgorithm mayfailtoachievetheoptimalsolution.

Startingfrom A,agreedyalgorithm thattriestofindthemaximum byfollowingthe
greatestslopewillfindthelocalmaximum at"m",oblivioustotheglobalmaximum at
"M".

Withagoalofreachingthelargestsum,ateachstep,thegreedyalgorithm willchoose
whatappearstobetheoptimalimmediatechoice,soitwillchoose12insteadof3at
thesecondstep,andwillnotreachthebestsolution,whichcontains99.
Formanyotherproblems,greedyalgorithmsfailtoproducetheoptimalsolution,and
mayevenproducetheuniqueworstpossiblesolution.Oneexampleisthetraveling
salesmanproblem mentionedabove:foreachnumberofcities,thereisanassignment
ofdistancesbetweenthecitiesforwhichthenearest-neighborheuristicproducesthe
uniqueworstpossibletour.

ElementsoftheGreedyStrategy
OptimalSubstructure:



Anoptimalsolutiontothe problem containswithinitoptimalsolutionstosub-problems.
A'=A-{1}(greedychoice)A'canbesolvedagainwiththegreedyalgorithm.S'={i S,
si fi}
WhendoyouuseDPversusagreedyapproach?Whichshouldbefaster?
The0-1knapsackproblem:
AthiefhasaknapsackthatholdsatmostW pounds.Item i:(vi,wi)(v=value,w=
weight)thiefmust chooseitemstomaximizethevaluestolenandstillfitintothe
knapsack.Eachitem mustbetakenorleft(0-1).
Fractionalknapsackproblem:
takesparts,aswellaswholes
Both the 0 -1 and fractionalproblems have the optimalsubstructure property:
Fractional: vi/wiisthevalueperpound.Clearlyyoutakeasmuchoftheitem withthe
greatestvalueperpound.Thiscontinuesuntilyoufilltheknapsack.Optimal(Greedy)
algorithm takesO(nlgn),aswemustsortonvi/wi=di.
Considerthesamestrategyforthe0-1problem:
W =50lbs.(maximum knapsackcapacity)
w1=10 v1=60 d1.=6

w2=20 v2=100 d2.=5

w3=30 v3=120 d3=4
weredisthevaluedensity
Greedyapproach:Takeallof1,andallof2:v1+v2=160,optimalsolutionistotakeallof
2and3: v2+v3=220,othersolutionistotakeallof1and3v1+v3=180.Allbelow50lbs.
Whensolvingthe0-1knapsackproblem,emptyspacelowerstheeffectivedofthe
load.Thuseachtimeanitem ischosenforinclusionwemustconsiderboth

 iincluded
 iexcluded

Theseareclearlyoverlappingsub-problemsfordifferenti'sandsobestsolvedbyDP!



ActivitySelectionproblem
LetusconsidertheActivitySelectionproblem asourfirstexampleofGreedyalgorithms.
Followingistheproblem statement.
Youaregivennactivitieswiththeirstartandfinishtimes.Selectthemaximum number
ofactivitiesthatcanbeperformedbyasingleperson,assumingthatapersoncanonly
workonasingleactivityatatime.

Thegreedychoiceistoalwayspickthenextactivitywhosefinishtimeisleastamong
theremainingactivitiesandthestarttimeismorethanorequaltothefinishtimeof
previouslyselectedactivity.Wecansorttheactivitiesaccordingtotheirfinishingtime
sothatwealwaysconsiderthenextactivityasminimum finishingtimeactivity.
1.Sorttheactivitiesaccordingtotheirfinishingtime.
2.Selectthefirstactivityfrom thesortedarrayandprintit.
3.Dofollowingforremainingactivitiesinthesortedarray.
…….a)Ifthestarttimeofthisactivityisgreaterthanorequaltothefinishtimeof
previouslyselectedactivitythenselectthisactivityandprintit.
InthefollowingCimplementation,itisassumedthattheactivitiesarealreadysorted
accordingtotheirfinishtime.

Example1:Considerthefollowing3activitiessortedby
byfinishtime.

start[]={10,12,20};
finish[]={20,25,30};

Apersoncanperform atmosttwoactivities.The
maximum setofactivitiesthatcanbeexecuted
is{0,2}[Theseareindexesinstart[]and



finish[]]

Example2:Considerthefollowing6activities
sortedbybyfinishtime.

start[]={1,3,0,5,8,5};
finish[]={2,4,6,7,9,9};

Apersoncanperform atmostfouractivities.The
maximum setofactivitiesthatcanbeexecuted
is{0,1,3,4}[Theseareindexesinstart[]and
finish[]
GREEDY-ACTIVITY-SELECTOR(s,f)

1.n=length[s]
2.A={1}
3.j=1
4.fori=2ton
5.doifsi>=fj

6.thenA=AU{i}
7.j=i
8.returnA

Huffmancode
HuffmanCodingAlgorithm WithExample
Huffmancodingalgorithm wasinventedbyDavidHuffmanin 1952.Itisanalgorithm
whichworkswithintegerlengthcodes.AHuffmantree representsHuffmancodesfor
thecharacterthatmightappearinatextfile. UnliketoASCIIor Unicode,Huffmancode
usesdifferentnumberofbitsto encodeletters.Ifthenumber ofoccurrenceofany
characterismore,weusefewer numbersofbits.Huffmancodingisamethodforthe
constructionofminimum redundancy codes.
 Huffmantreecanbeachievedbyusingcompressiontechnique. Datacompression
havelotofadvantagessuchasitminimizescost,time, bandwidth,storagespacefor
transmittingdatafrom oneplacetoanother.Inregulartextfileeachcharacterwould
take up 1 byte (8 bits)i.e.there are 16 characters (including white spaces and
punctuations) which normallytake up 16 bytes.In the ASCIIcode there are 256
charactersand thisleadstotheuseof8bitstorepresenteachcharacterbutinany
test file we do nothave use all256 characters.Forexample,in any English
language text,generallythe character‘e’appearsmore than the character‘z’.To
achieve compression,we can often use a shorterbitstring to representmore
frequently occurring characters.We do nothave to representall256 characters,
unless they allappear in the document.The data encoding schemes broadly
categorized
intwocategories.
 
FixedLengthEncodingScheme
Fixedlengthencodingschemecompressesourdatabypacking itintotheminimum
numberofbitsi.e.neededtorepresentallpossiblevalues ofourdata.Thefixedlength
codecanstoremaximum 224,000bitsdata.



 
VariableLengthEncodingScheme
Invariablelengthencodingschemewemapsourcesymbolto variablenumberofbits.It
allowssourcetobecompressedanddecompressed withzeroerror.
 
ConstructionofHuffmanCode
A greedyalgorithm constructs an optimalprefix code called Huffman code.The
algorithm buildsthetreeTcorrespondingtotheoptimalcode inabottom-upmanner.It
beginswithasetof|C|leaves(Cisthenumberof
characters)andperform |C|– 1‘merging’operationstocreatethefinaltree. Inthe
Huffmanalgorithm ‘n’denotesthenumberofsetofcharacters,zdenotes theparent
nodeandx&yaretheleft&rightchildofzrespectively.
 
Huffman(C)
1.n=|C|
2.Q=C
3.fori=1ton-1
4.do
5.z=allocate_Node()
6.x=left[z]=Extract_Min(Q)
7.y=right[z]=Extract_Min(Q)
8.f[z]=f[x]+f[y]
9.Insert(Q,z)
10.returnExtract_Min(Q)
 
Analysis
TheQisinitializedasapriorityqueuewiththecharacterC.
Q=CcanbeperformedbyusingBuild_HeapinO(n)time.
Forlooptakes (|n|-1)timesbecauseeachheapoperationrequiresO(logn)time.
HencethetotalrunningtimeofHuffmancodeonthesetofn charactersisO(nlogn).
 
Method
Thefollowinggeneralprocedureisappliedforconstruction aHuffmantree:
Searchforthetwonodeshavingthelowestfrequency,which arenotyetassignedtoa
parentnode.
Couplethesenodestogethertoanewinteriornode.
Addboththefrequenciesandassignthisvaluetothenew interiornode.
Theprocedurehastoberepeateduntilallnodesare combinedtogetherinarootnode.
 
HuffmanCodingAlgorithm Example
ConstructaHuffmantreebyusingthesenodes.
 
Value A B C D E F
Frequency 5 25 7 15 4 12
 
Solution:



 
Step 1:According to theHuffmancoding wearrangealltheelements(values)in
ascendingorder ofthefrequencies.
 
Value E A C F D B
Frequency 4 5 7 12 15 25
 
Step2:Insert firsttwoelementswhichhavesmallerfrequency.
 

Value C EA F D B
Frequency 7 9 12 15 25
 
Step3:Taking nextsmallernumberandinsertitatcorrectplace.
 

Value F D CEA B
Frequency 12 15 16 25
 
Step4:Next elementsareFandDsoweconstructanothersubtreeforFandD.
 



Value CEA B FD
Frequency 16 25 27
 
Step5:Taking nextvaluehavingsmallerfrequencythenadditwithCEAandinsertit
at correctplace.
 

Value FD CEAB
Frequency 27 41
 
Step6:Wehave onlytwovalueshencewecancombinedbyaddingthem.
 



HuffmanTree
Value FDCEAB
Frequency 68
 
Now thelistcontainsonlyoneelementi.e.FDCEAB having frequency68andthis
element(value)becomestherootoftheHuffmantree.
 

ActivityorTaskSchedulingProblem
Thisisthedisputeofoptimallyschedulingunit-timetasksonasingleprocessor,where
eachjobhasadeadlineandapenaltythatnecessarybepaidifthedeadlineismissed.
Aunit-timetaskisajob,suchasaprogram toberushonacomputerthatneeded
preciselyoneunitoftimetocomplete.GivenafinitesetSofunit-timetasks,aschedule
forSisapermutationofSspecifyingtheorderinwhichtoperform thesetasks.The
firsttaskintheschedulestartsattime0andendsattime1;thesecondtaskbeginsat
time1andfinishesattime2,andsoon.
The dispute ofscheduling unit-time tasks with deadlines and penalties foreach
processorhasthefollowinginputs:

o asetS={1,2,3.....n}ofnunit-timetasks.
o asetofnintegerdeadlinesd1d2d3...dnsuchthatdisatisfies1≤di≤nandtaskiis

supposedtofinishbytimediand
o asetofnnon-negativeweightsorpenaltiesw1 w2....wn suchthatweincura

penaltyofwiiftaskiisnotfinishedbytimedi,andweincurrednopenaltyifa



taskfinishesbyitsdeadline.
HerewefindascheduleforSthatminimizesthetotalpenaltyincurredformissed
deadlines.
Ataskislateinthisscheduleifitfinishedafteritsdeadline.Otherwise,thetaskisearly
intheschedule.Anarbitraryschedulecanconsistentlybeputintoearly-firstform,in
whichthefirsttasksprecedethelatetasks,i.e.,ifsomenewtaskxfollowssomelate
tasky,thenwecanswitchthepositionofxandywithoutaffectingxbeingearlyory
beinglate.
Anarbitraryschedulecanalwaysbeputintoacanonicalform inwhichfirsttasks
precede the late tasks,and firsttasks are scheduled in orderofnondecreasing
deadlines.
AsetAoftasksisindependentifthereexistsaschedulefortheparticulartaskssuch
thatnotasksarelate.Sothesetoffirsttasksforascheduleformsanindependentset
oftasks'l'denotethesetofallindependentsetoftasks.
ForanysetoftasksA,Aisindependentiffort=0,1,2.....nwehaveNt(A)≤twhereNt(A)
denotesthenumberoftasksinAwhosedeadlineistorprior,i.e.ifthetasksinAare
expectedinorderofmonotonicallygrowingdeadlines,thennotaskislate.
Example:Findtheoptimalscheduleforthefollowingtaskwithgivenweight(penalties)
anddeadlines.

1 2 3 4 5 6 7

di 4 2 4 3 1 4 6

wi 70 60 50 40 30 20 10

Solution:AccordingtotheGreedyalgorithm wesortthejobsindecreasingorderoftheir
penaltiessothatminimum ofpenaltieswillbecharged.
Inthisproblem,wecanseethatthemaximum timeforwhichuniprocessormachinewill
runin6unitsbecauseitisthemaximum deadline.
LetTirepresentsthetaskswherei=1to7

T5andT6cannotbeacceptedafterT7sopenaltyis
w5+w6=30+20=50(2341756)

Otherscheduleis

(2413756)
Therecanbemanyotherschedulesbut(2413756)isoptimal.

TravellingSalesPersonProblem
Thetravelingsalesmanproblemsabidebyasalesmanandasetofcities.Thesalesman
hastovisiteveryoneofthecitiesstartingfrom acertainone(e.g.,thehometown)and
toreturntothesamecity.Thechallengeoftheproblem isthatthetravelingsalesman



needstominimizethetotallengthofthetrip.
Supposethecitiesarex1x2.....xnwherecostcijdenotesthecostoftravellingfrom cityxi

toxj.Thetravellingsalespersonproblem istofindaroutestartingandendingatx1that
willtakeinallcitieswiththeminimum cost.
Example:Anewspaperagentdailydropsthenewspapertotheareaassignedinsucha
mannerthathehastocoverallthehousesintherespectiveareawithminimum travel
cost.Computetheminimum travelcost.
Theareaassignedtotheagentwherehehastodropthenewspaperisshowninfig:

Solution:Thecost-adjacencymatrixofgraphGisasfollows:
costij=

Thetourstartsfrom areaH1andthenselecttheminimum costareareachablefrom H1.



MarkareaH6becauseitistheminimum costareareachablefrom H1andthenselect
minimum costareareachablefrom H6.

MarkareaH7becauseitistheminimum costareareachablefrom H6andthenselect
minimum costareareachablefrom H7.



MarkareaH8becauseitistheminimum costareareachablefrom H8.

MarkareaH5becauseitistheminimum costareareachablefrom H5.



MarkareaH2becauseitistheminimum costareareachablefrom H2.

MarkareaH3becauseitistheminimum costareareachablefrom H3.



MarkareaH4 andthenselecttheminimum costareareachablefrom H4 itisH1.So,
usingthegreedystrategy,wegetthefollowing.

4 3 2 4 3 2 1 6
H1→H6→H7→H8→H5→H2→H3→H4→ H1.

Thustheminimum travelcost=4+3+2+4+3+2+1+6=25

RedBlackTree
ARedBlackTreeisacategoryoftheself-balancingbinarysearchtree.Itwascreatedin
1972byRudolfBayerwhotermedthem "symmetricbinaryB-trees."
Ared-blacktreeisaBinarytreewhereaparticularnodehascolorasanextraattribute,
eitherredorblack.Bycheckthenodecolorsonanysimplepathfrom theroottoaleaf,
red-blacktreessecurethatnosuchpathishigherthantwiceaslongasanyotherso
thatthetreeisgenerallybalanced.
PropertiesofRed-BlackTrees
Ared-blacktreemustsatisfytheseproperties:

1.Therootisalwaysblack.
2.A nilisrecognizedtobeblack.Thisfactorthateverynon-NILnodehastwo

children.
3.BlackChildrenRule:Thechildrenofanyrednodeareblack.
4.BlackHeightRule:Forparticularnodev,thereexistsanintegerbh(v)suchthat

specificdownwardpathfrom vtoanilhascorrectlybh(v)blackreal(i.e.non-nil)
nodes.Callthisportiontheblackheightofv.Wedeterminetheblackheightofan
RBtreetobetheblackheightofitsroot.

AtreeTisanalmostred-blacktree(ARBtree)iftherootisred,butotherconditions
abovehold.



OperationsonRBTrees:
Thesearch-treeoperationsTREE-INSERTandTREE-DELETE,whenrunsonared-black
treewithnkeys,takeO(logn)time.Becausetheycustomizethetree,theconclusion
mayviolatethered-blackproperties.Torestoretheseproperties,wemustchangethe
colorofsomeofthenodesinthetreeandalsochangethepointerstructure.
1.Rotation:
Restructuringoperationsonred-blacktreescangenerallybeexpressedmoreclearlyin
detailsoftherotationoperation.

Clearly,theorder(AxByC)ispreservedbytherotationoperation.Therefore,ifwestart
withaBSTandonlyrestructureusingrotation,thenwewillstillhaveaBSTi.e.rotation
donotbreaktheBST-Property.

LEFTROTATE(T,x)
1.y←right[x]
1.y←right[x]
2.right[x]←left[y]
3.p[left[y]]←x
4.p[y]←p[x]
5.Ifp[x]=nil[T]



thenroot[T]←y
elseifx=left[p[x]]

thenleft[p[x]]←y
elseright[p[x]]←y

6.left[y]←x.
7.p[x]←y.

Example:Drawthecompletebinarytreeofheight3onthekeys{1,2,3...15}.Addthe
NILleavesandcolorthenodesinthreedifferentwayssuchthattheblackheightsofthe
resultingtreesare:2,3and4.
Solution:

Treewithblack-height-2

Treewithblack-height-3



Treewithblack-height-4

2.Insertion:
o InsertthenewnodethewayitisdoneinBinarySearchTrees.
o Colorthenodered
o Ifaninconsistencyarisesforthered-blacktree,fixthetreeaccordingtothetype

ofdiscrepancy.
Adiscrepancycandecisionfrom aparentandachildbothhavingaredcolor.Thistype
ofdiscrepancyisdeterminedbythelocationofthenodeconcerninggrandparent,and
thecolorofthesiblingoftheparent.

RB-INSERT(T,z)
1.y←nil[T]
2.x←root[T]
3.whilex≠NIL[T]
4.doy←x
5.ifkey[z]<key[x]
6.thenx←left[x]
7.elsex← right[x]
8.p[z]←y
9.ify=nil[T]
10.thenroot[T]←z
11.elseifkey[z]<key[y]
12.thenleft[y]←z
13.elseright[y]←z
14.left[z]←nil[T]
15.right[z]←nil[T]



16.color[z]←RED
17.RB-INSERT-FIXUP(T,z)

Aftertheinsertnewnode,Coloringthisnewnodeintoblackmayviolatetheblack-height
conditionsandcoloringthisnewnodeintoredmayviolatecoloringconditionsi.e.root
isblackandrednodehasnoredchildren.Weknowtheblack-heightviolationsarehard.
Sowecolorthenodered.Afterthis,ifthereisanycolorviolation,thenwehaveto
correctthem byanRB-INSERT-FIXUPprocedure.

RB-INSERT-FIXUP(T,z)
1.whilecolor[p[z]]=RED
2.doifp[z]=left[p[p[z]]]
3.theny←right[p[p[z]]]
4.Ifcolor[y]=RED
5.thencolor[p[z]]←BLACK //Case1
6.color[y]←BLACK //Case1
7.color[p[z]]←RED //Case1
8.z←p[p[z]] //Case1
9.elseifz=right[p[z]]
10.thenz←p[z] //Case2
11.LEFT-ROTATE(T,z) //Case2
12.color[p[z]]←BLACK //Case3
13.color[p[p[z]]]←RED //Case3
14.RIGHT-ROTATE(T,p[p[z]])//Case3
15.else(sameasthenclause)

With"right"and"left"exchanged
16.color[root[T]]←BLACK

Example:Show thered-blacktreesthatresultaftersuccessivelyinsertingthekeys
41,38,31,12,19,8intoaninitiallyemptyred-blacktree.
Solution:
Insert41



Insert19



Thusthefinaltreeis

3.Deletion:
First,searchforanelementtobedeleted

o Iftheelementtobedeletedisinanodewithonlyleftchild,swapthisnodewith
onecontainingthelargestelementintheleftsubtree.(Thisnodehasnoright
child).

o Iftheelementtobedeletedisinanodewithonlyrightchild,swapthisnodewith
theonecontainingthesmallestelementintherightsubtree(Thisnodehasno
leftchild).

o Iftheelementtobedeletedisinanodewithbothaleftchildandarightchild,
thenswapinanyoftheabovetwoways.Whileswapping,swaponlythekeysbut
notthecolors.

o Theitem tobedeletedisnowhavingonlyaleftchildoronlyarightchild.Replace
thisnodewithitssolechild.Thismayviolateredconstraintsorblackconstraint.
Violationofredconstraintscanbeeasilyfixed.

o Ifthedeletednodeisblack,theblackconstraintisviolated.Theeliminationofa
blacknodeycausesanypaththatcontainedytohaveonefewerblacknode.

o Twocasesarise:



o Thereplacingnodeisred,inwhichcasewemerelycoloritblacktomake
upforthelossofoneblacknode.

o Thereplacingnodeisblack.
ThestrategyRB-DELETE isaminorchangeoftheTREE-DELETE procedure.After
splicingoutanode,itcallsanauxiliaryprocedureRB-DELETE-FIXUP thatchanges
colorsandperformsrotationtorestorethered-blackproperties.

RB-DELETE(T,z)
1.ifleft[z]=nil[T]orright[z]=nil[T]
2.theny←z
3.elsey←TREE-SUCCESSOR(z)
4.ifleft[y]≠nil[T]
5.thenx←left[y]
6.elsex←right[y]
7.p[x]← p[y]
8.ifp[y]=nil[T]
9.thenroot[T]←x
10.elseify=left[p[y]]
11.thenleft[p[y]]←x
12.elseright[p[y]]←x
13.ify≠z
14.thenkey[z]←key[y]
15.copyy'ssatellitedataintoz
16.ifcolor[y]=BLACK
17.thenRB-delete-FIXUP(T,x)
18.returny

RB-DELETE-FIXUP(T,x)
1.whilex≠root[T]andcolor[x]=BLACK
2.doifx=left[p[x]]
3.thenw←right[p[x]]
4.ifcolor[w]=RED
5.thencolor[w]←BLACK //Case1
6.color[p[x]]←RED //Case1
7.LEFT-ROTATE(T,p[x]) //Case1
8.w←right[p[x]] //Case1
9.Ifcolor[left[w]]=BLACKandcolor[right[w]]=BLACK
10.thencolor[w]←RED //Case2
11.x←p[x] //Case2
12.elseifcolor[right[w]]=BLACK
13.thencolor[left[w]]←BLACK//Case3
14.color[w]←RED //Case3
15.RIGHT-ROTATE(T,w) //Case3
16.w←right[p[x]] //Case3
17.color[w]←color[p[x]] //Case4
18.colorp[x]←BLACK //Case4



19.color[right[w]]←BLACK //Case4
20.LEFT-ROTATE(T,p[x]) //Case4
21.x←root[T] //Case4
22.else(sameasthenclausewith"right"and"left"exchanged)
23.color[x]←BLACK

Example:Inapreviousexample,wefoundthatthered-blacktreethatresultsfrom
successivelyinsertingthekeys41,38,31,12,19,8intoaninitiallyemptytree.Nowshow
thered-blacktreesthatresultfrom thesuccessfuldeletionofthekeysintheorder8,12,
19,31,38,41.
Solution:



Delete38

Delete41
NoTree.

SplayTree
TheworstcasetimecomplexityofBinarySearchTree(BST)operationslikesearch,
delete,insertisO(n).Theworstcaseoccurswhenthetreeisskewed.Wecangetthe
worstcasetimecomplexityasO(Logn)withAVLandRed-BlackTrees.
CanwedobetterthanAVLorRed-Blacktreesinpracticalsituations?
LikeAVLandRed-BlackTrees,Splaytreeisalsoself-balancingBST.Themainideaof
splaytreeistobringtherecentlyaccesseditem torootofthetree,thismakesthe
recentlysearcheditem tobeaccessibleinO(1)timeifaccessedagain.Theideaisto
uselocalityofreference(Inatypicalapplication,80%oftheaccessareto20%ofthe
items).Imagineasituationwherewehavemillionsorbillionsofkeysandonlyfewof
them areaccessedfrequently,whichisverylikelyinmanypracticalapplications.
AllsplaytreeoperationsruninO(logn)timeonaverage,wherenisthenumberof
entriesinthetree.AnysingleoperationcantakeTheta(n)timeintheworstcase.
Search-Operation
ThesearchoperationinSplaytreedoesthestandardBSTsearch,inadditiontosearch,
italsosplays(moveanodetotheroot).Ifthesearchissuccessful,thenthenodethatis
foundissplayedandbecomesthenew root.Elsethelastnodeaccessedpriorto
reachingtheNULLissplayedandbecomesthenewroot.
Therearefollowingcasesforthenodebeingaccessed.
1)NodeisrootWesimplyreturntheroot,don’tdoanythingelseastheaccessednode
isalreadyroot.
2)Zig:Nodeischildofroot(thenodehasnograndparent).Nodeiseitheraleftchildof
root(wedoarightrotation)ornodeisarightchildofitsparent(wedoaleftrotation).



T1,T2andT3aresubtreesofthetreerootedwithy(onleftside)orx(onrightside)
y x

/\ Zig(RightRotation) /\
x T3 –-–-–-–---> T1 y

/\ <--------- /\
T1T2 Zag(LeftRotation) T2 T3

3)Nodehasbothparentandgrandparent.Therecanbefollowingsubcases.
……..3.a)Zig-ZigandZag-ZagNodeisleftchildofparentandparentisalsoleftchildof
grandparent(Tworightrotations)ORnodeisrightchildofitsparentandparentisalso
rightchildofgrandparent(TwoLeftRotations).
Zig-Zig(LeftLeftCase):

G P X
/\ / \ /\

P T4 rightRotate(G)X G rightRotate(P)T1 P
/\ ============>/\ /\ ============> /\

X T3 T1T2T3T4 T2G
/\ /\

T1T2 T3T4

Zag-Zag(RightRightCase):
G P X

/\ / \ /\
T1 P leftRotate(G)G X leftRotate(P) P T4

/\ ============>/\ /\ ============> /\
T2 X T1T2T3T4 G T3

/\ /\
T3T4 T1T2

……..3.b)Zig-ZagandZag-ZigNodeisleftchildofparentandparentisrightchildof
grandparent(LeftRotationfollowedbyrightrotation)ORnodeisrightchildofitsparent
andparentisleftchildofgrandparent(RightRotationfollowedbyleftrotation).
Zag-Zig(LeftRightCase):

G G X
/\ / \ / \

P T4leftRotate(P)X T4 rightRotate(G)P G
/\ ============>/\ ============> /\ /\

T1 X P T3 T1T2T3T4
/\ /\

T2T3 T1 T2

Zig-Zag(RightLeftCase):
G G X

/\ /\ / \
T1 P rightRotate(P)T1 X leftRotate(P) G P

/\ =============> /\ ============> /\ /\
X T4 T2 P T1T2T3T4

/\ /\



T2T3 T3T4
Example:

100 100 [20]
/\ / \ \

50 200 50 200 50
/ search(20) / search(20) /\

40 ======> [20] ========> 30 100
/ 1.Zig-Zig \ 2.Zig-Zig \ \

30 at40 30 at100 40 200
/ \

[20] 40
Theimportantthingto noteis,thesearchorsplayoperationnotonlybringsthe
searchedkeytoroot,butalsobalancestheBST.Forexampleinabovecase,heightof
BSTisreducedby1.
Summary
1)Splaytreeshaveexcellentlocalityproperties.Frequentlyaccesseditemsareeasyto
find.Infrequentitemsareoutofway.
2)AllsplaytreeoperationstakeO(Logn)timeonaverage.Splaytreescanberigorously
showntoruninO(logn)averagetimeperoperation,overanysequenceofoperations
(assumingwestartfrom anemptytree)
3)SplaytreesaresimplercomparedtoAVLandRed-BlackTreesasnoextrafieldis
requiredineverytreenode.
4)UnlikeAVLtree,asplaytreecanchangeevenwithread-onlyoperationslikesearch.
ApplicationsofSplayTrees
Splaytreeshavebecomethemostwidelyusedbasicdatastructureinventedinthelast
30years,becausethey’rethefastesttypeofbalancedsearchtreeformanyapplications.
SplaytreesareusedinWindowsNT(inthevirtualmemory,networking,andfilesystem
code),thegcccompilerandGNU C++library,thesedstringeditor,ForeSystems
networkrouters,themostpopularimplementationofUnixmalloc,Linuxloadablekernel
modules,andinmuchothersoftware

BinomialHeap
ThemainapplicationofBinaryHeapisasimplementpriorityqueue.BinomialHeapis
anextensionofBinaryHeapthatprovidesfasterunionormergeoperationtogetherwith
otheroperationsprovidedbyBinaryHeap.
ABinomialHeapisacollectionofBinomialTrees
WhatisaBinomialTree?
ABinomialTreeoforder0has1node.ABinomialTreeoforderkcanbeconstructedby
takingtwobinomialtreesoforderk-1andmakingoneasleftmostchildorother.
ABinomialTreeoforderkhasfollowingproperties.
a)Ithasexactly2knodes.
b)Ithasdepthask.
c)ThereareexactlykCinodesatdepthifori=0,1,...,k.
d)TheroothasdegreekandchildrenofrootarethemselvesBinomialTreeswithorder
k-1,k-2,..0from lefttoright.
Thefollowingdiagram isreferredfrom 2ndEditionofCLRSbook.



BinomialHeap:
ABinomialHeapisasetofBinomialTreeswhereeachBinomialTreefollowsMinHeap
property.AndtherecanbeatmostoneBinomialTreeofanydegree.
ExamplesBinomialHeap:
12------------10--------------------20

/\ /|\
15 50 705040
| /| |
30 808565

|
100

ABinomialHeapwith13nodes.Itisacollectionof3
BinomialTreesoforders0,2and3from lefttoright.

10--------------------20
/\ /|\

15 50 705040
| /| |
30 808565

|
100

ABinomialHeapwith12nodes.Itisacollectionof2



BinomialTreesoforders2and3from lefttoright.
BinaryRepresentationofanumberandBinomialHeaps
ABinomialHeapwithnnodeshasthenumberofBinomialTreesequaltothenumberof
setbitsintheBinaryrepresentationofn.Forexampleletnbe13,there3setbitsinthe
binaryrepresentationofn(00001101),hence3BinomialTrees.Wecanalsorelatethe
degreeoftheseBinomialTreeswithpositionsofsetbits.Withthisrelation,wecan
concludethatthereareO(Logn)BinomialTreesinaBinomialHeapwith‘n’nodes.
OperationsofBinomialHeap:
ThemainoperationinBinomialHeapisunion(),allotheroperationsmainlyusethis
operation.Theunion()operationistocombinetwoBinomialHeapsintoone.Letusfirst
discussotheroperations,wewilldiscussunionlater.
1)insert(H,k):Insertsakey‘k’toBinomialHeap‘H’.Thisoperationfirstcreatesa
BinomialHeapwithsinglekey‘k’,thencallsuniononHandthenewBinomialheap.
2)getMin(H):AsimplewaytogetMin()istotraversethelistofrootofBinomialTrees
andreturntheminimum key.ThisimplementationrequiresO(Logn)time.Itcanbe
optimizedtoO(1)bymaintainingapointertominimum keyroot.
3)extractMin(H):Thisoperationalsousesunion().WefirstcallgetMin()tofindthe
minimum keyBinomialTree,thenweremovethenodeandcreateanewBinomialHeap
byconnectingallsubtreesoftheremovedminimum node.Finally,wecallunion()onH
andthenewlycreatedBinomialHeap.ThisoperationrequiresO(Logn)time.
4)delete(H):LikeBinaryHeap,deleteoperationfirstreducesthekeytominusinfinite,
thencallsextractMin().
5)decreaseKey(H):decreaseKey()isalsosimilartoBinaryHeap.Wecomparethe
decreaseskeywithitparentandifparent’skeyismore,weswapkeysandrecurforthe
parent.Westopwhenweeitherreachanodewhoseparenthasasmallerkeyorwehit
therootnode.TimecomplexityofdecreaseKey()isO(Logn).
UnionoperationinBinomialHeap:
GiventwoBinomialHeapsH1andH2,union(H1,H2)createsasingleBinomialHeap.
1)ThefirststepistosimplymergethetwoHeapsinnon-decreasingorderofdegrees.
Inthefollowingdiagram,figure(b)showstheresultaftermerging.
2)Afterthesimplemerge,weneedtomakesurethatthereisatmostoneBinomial
Treeofanyorder.Todothis,weneedtocombineBinomialTreesofthesameorder.We
traversethelistofmergedroots,wekeeptrackofthree-pointers,prev,xandnext-x.
Therecanbefollowing4caseswhenwetraversethelistofroots.
—–Case1:Ordersofxandnext-xarenotsame,wesimplymoveahead.
Infollowing3casesordersofxandnext-xaresame.
—–Case2:Iftheorderofnext-next-xisalsosame,moveahead.
—–Case3:Ifthekeyofxissmallerthanorequaltothekeyofnext-x,thenmakenext-x
asachildofxbylinkingitwithx.
—–Case4:Ifthekeyofxisgreater,thenmakexasthechildofnext.
Thefollowingdiagram istakenfrom 2ndEditionofCLRSbook.



FibonacciHeap
Heapsaremainlyusedforimplementingpriorityqueue.Wehavediscussedbelow
heapsinpreviousposts.
IntermsofTimeComplexity,FibonacciHeapbeatsbothBinaryandBinomialHeaps.



BelowareamortizedtimecomplexitiesofFibonacciHeap.
1)FindMin: Θ(1) [SameasbothBinaryandBinomial]
2)DeleteMin: O(Logn)[Θ(Logn)inbothBinaryandBinomial]
3)Insert: Θ(1) [Θ(Logn)inBinaryandΘ(1)inBinomial]
4)Decrease-Key:Θ(1) [Θ(Logn)inbothBinaryandBinomial]
5)Merge: Θ(1) [Θ(m Logn)orΘ(m+n)inBinaryand

Θ(Logn)inBinomial]
LikeBinomialHeap,FibonacciHeapisacollectionoftreeswithmin-heapormax-heap
property.InFibonacciHeap,treescancanhaveanyshapeevenalltreescanbesingle
nodes(ThisisunlikeBinomialHeapwhereeverytreehastobeBinomialTree).
BelowisanexampleFibonacciHeaptakenfrom here.

FibonacciHeapmaintainsapointertominimum value(whichisrootofatree).Alltree
rootsareconnectedusingcirculardoublylinkedlist,soallofthem canbeaccessed
usingsingle‘min’pointer.
Themainideaistoexecuteoperationsin“lazy”way.Forexamplemergeoperation
simplylinkstwoheaps,insertoperationsimplyaddsanewtreewithsinglenode.The
operationextractminimum isthemostcomplicatedoperation.Itdoesdelayedworkof
consolidatingtrees.Thismakesdeletealsocomplicatedasdeletefirstdecreaseskey
tominusinfinite,thencallsextractminimum.
BelowaresomeinterestingfactsaboutFibonacciHeap

1.ThereducedtimecomplexityofDecrease-KeyhasimportanceinDijkstraandPrim
algorithms.WithBinaryHeap,timecomplexityofthesealgorithmsisO(VLogV+
ELogV).IfFibonacciHeapisused,thentimecomplexityisimprovedtoO(VLogV+
E)

2.AlthoughFibonacciHeaplookspromisingtimecomplexitywise,ithasbeenfound
slowinpracticeashiddenconstantsarehigh(SourceWiki).

3.FibonacciheaparemainlycalledsobecauseFibonaccinumbersareusedinthe
runningtimeanalysis.Also,everynodeinFibonacciHeaphasdegreeatmost



O(logn)andthesizeofasubtreerootedinanodeofdegreekisatleastFk+2,
whereFkisthekthFibonaccinumber.


